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Abstract 

We prove in this paper the uniqueness theorem for a certain class of 
harmonic functions defined in unbounded domain lying in a band. 



1 Introduction 

Let D be a simply connected unbounded domain in R 2 lying inside a band of 
minimal width denned by conditions < y2 < h, h—~, p > 0, y — (yx, y-i) . 
We assume that dT> = 71 U 72 , where 7$ are smooth curves given by formulas 
2/2 = fi(yi), i = 1,2 with 

\fi(yi)\ < Const, \fi( yi )\ < Const. 

Let A P (V) be a space of harmonic functions in D which are continuous with 
their partial derivatives of the first order up to the ending points of &D and 
satisfying the following condition: 

\U(y)\ + \giadU(y)\ < exp(o(expp|y 1 |)), y x 00. 

The purpose of this paper is to prove the following 

Theorem. If function U G A P (T>) satisfies the two following conditions 

U(y) = 0, yedV, (1) 



dU 
on 



< exp(c|y|), y EdV, c = Const < |, (2) 



(where n is the exterior normal vector for the boundary dT> ) then U = in 
V. 
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In the case when the condition (0) is changed by < c iM fe with 

Ci = Const, y G 9Z>, and being an non- negative integer this theorem has 
been proved by Z. R. Ashurova in The proof of this theorem is based 
on integral representation of harmonic functions in unbounded domain with 
non-compact boundary H] and on the theorem 6.1 by E. M. Landis Pj. 



2 Crucial inequality 

Let y = (2/1,2/2), x = (xi,x 2 ), x, y G R 2 , < x 2 ,y 2 < h, h = j with p > 0. 
For x y we can define a function by formula 

w s 1 /' 00 T K(y 2 + iri) udu 

*(y,x) = - / Im iy2 /J , (3) 

27TA (X 2 ) JO V2- X 2 + ZT] 1] 

where p 2 = m 2 + a 2 , a 2 = (j/i — a;i) 2 , 

i^(u;) = (u + 3/i — x 2 )~ 1 exp ^— achipi(a; — — H , = £ + zry, (4) 

a, pi are positive numbers and < pi < p. Then for the function $(?/, ar) the 
estimate 

exp a cos(pi(?/2 - fjjchpia \ \ « +P // 



is valid (here /3 2 = (y 2 — x 2 ) 2 and C = Const). The aim of this section is to 
prove the inequality (^). 

If uj — x 2 then by (B) we have 

if(x 2 ) = (3/t) -1 exp cospi(x 2 - . 
As we have — | < pi(x 2 — |) < |, so cospi(x 2 — |) > 0, henceforth 

3/iexp (a cospi(x 2 )] <3/iexp(a). (6) 



#(x 2 ) V 2 

Put /3i = y 2 — x 2 + 3h, r\ = a 2 + j3 2 , r 2 = a 2 + /5 2 . It can be easily seen that 

#(j/ 2 + £77) (£A - *7 2 ) sina ( sin Pi(2/2 - f ) sh p! 77 



Im 



(y2-x 2 + ir]) (m 2 + r 2 )(w 2 + r 2 )exp (acospi(j/ 2 - |) ch p^) 

?7(/9 + Pi) cos (asinpi(y 2 - §) shpi// 



(u 2 



+ r 2 )(u 2 + r 2 )exp fa cos pi(j/ 2 — f ) ch pi?7 
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• (7) 



As we have a < rj, so 
exp ^acos 

Since 



Pi {V2 ~ ~)ch/Oiaj < exp ^acospi(y 2 - ^)chpi7^ . 



/3/3ism(ashpi7/) 
hm = 0, 

.^o r? 2 + (3 2 

there exists such £ > that for |?7| < e the function 

(3 Pi sin(ash pirj) 
V 2 + {3 2 

is bounded. If \r)\ > e then we have the inequality 



f3f3i sin (ash pirj) 



T] 2 + /3< 



Ah 
< — . 

- e 2 
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Moreover, we have $. g = ^ ^ < 1 . Thus we obtain 



(/3{3i - if) sin a (smpxfa - §) sh 



PiV 



+ r 2 )exp (a cos pi (y 2 — |) ch p^ 
Ci 



< 



exp fa cos pi(?/2 — |) ch pia 



(8) 



where Ci is some constant. (Further by Ci we shall denote conctants) It is 
not difficult to obtain the following estimate: 



r](j3 + (3i) cos (asinpi(y 2 - §) sh 
exp (acospi(y 2 - f ) chpir? 

C 2 h 



exp (a cos pi(y% — |) chpia 

Estimate fromabove the function x). By (||) - @ we obtain 

C 3 



(9) 



exp (a cos pi(?/2 — f) ch pict 



it du 



x 



+ 



u du 



lo (u 2 + rj)Vu 2 + r 2 Jo (u 2 + r 2 )(u 2 + rj 



As 



a 



2 — 



< 1, 
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the integral 

du 



o u 2 + r 2 



is convergent and as 



u du 15 h 2 , 

ln(l 



o (u 2 + r 2 )(u 2 + r\ r 2 



so 



Thus (H) is proved. 



3 Proof of theorem 



Provided that the conditions of the theorem are valid we have || 

[ (tt—-<s>^}\a J °> x^VUdV 
Jav[ dn dn) \U{x), xeV. 

Using ([J) this formula can be written in the form 

r dU r dU 

U{x) = - $(y,x)—ds- <f>(y, x )—ds, xeV. (10) 
J jx on J~(2 on 

Denote 

f ,dU . n h 

Ij = - ®{y,x)—ds, J = 1,2, a x = acospi-. 
J"fj Oil z 

Since 71 is given by the equation y 2 = /i(yi) where fi is a bounded function 
with abounded derivative, by (0) and (|) we obtain 



r «p(p/rf + tf ) / igtf 
exp(ai chpia) \ r £ J 

= C 4 (/n+/ 12 ), 

where we denote by In (resp. by I 12 ) the integral on the interval (— oo,0) 
(resp. (0, 00)). Estimate at first 1 We can write it in the form 



roo exp(cJy 2 + h 2 ) 

J i2 = / T^—r r d Vi 

Jo exp(aicnpia) 

jo V r z J exp^aicnpxa) 



As Jyj + h 2 < Jyj + h 2 + 2y t h = y 1 + h when?/! G (0, +00), so 



00 exp(cJyj + h 2 ) 



dyi < 

Jo 



expc(yi + h) 



-dyv 



lo exp(aichpxa) '"^ ~ Jo exp(a 1 ch pi(yi — x\)) 
By change of variables t = y\ — x\ we can write the last integral in the form 
expc(?/i + h) f°° exp(ct) 



< C 5 exp(cxi) • J 



exp(ai chpi(yi - xi)) 
exp(ct) 
exp(ai ch pit) 



/oo 
-XI 

dyi < C 6 exp(cxi), 



exp(ai ch pit) 



dyi 



(12) 



because the integral 



exp(ct) 
exp(ai ch pit) 



is convergent. One can show that for the second integral a similar estimate is 
valid 

roc / i 5/l 2 \ exp(c^yf + h 2 ) 
In I H — I t^—, -dyi 







exp(ai ch pia) 



< C 7 exp(cxi] 



(13) 



In the way similar to I12 we have 

I Ail < C 8 exp(cxi 
By inequalities (|T2|) - (|14|) we have 

<9[/ 



/ <%,x)— 
j 7 i on 



< Cgexp(cxi) < C 9 exp(c\x\). 



(14) 



(15) 



The estimate of our integral on the path 72 can be made in a similar way. 
Thus by (|T0|) and (15) we have 



\U(x)\<C w exp(c\x\). 



Asc<f = f,so 



lim max N=R |£/(x)| = ^ 
i?Z^o exp^|x| 

Hence using the theorem 6.1 of we obtain that U(x) < 0. Applying the 
above arguments for the function — U(x) we obtain that —U(x) < 0. Thus 
U(x) =0, x G V. We are done. 
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